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INTRODUCTION
Mechanical structures can be accurately described in a given frequency range by modal low order models. Changing the model usually requires a new modal analysis, which can be quite expensive, if the physical model is based on a Finite Element code with many degrees of freedom. Especially optimal placement algorithms for finding best positions and configurations of e.g. piezoelectric actuators suffer from this computational burden. This paper discusses the so-called modal correction method [1] to avoid further modal decompositions in the case of moderate system changes, if flat piezoceramic patches as actuators or sensors are applied to the originally passive elastic structure in certain surface domains. For this purpose the modal data, consisting of eigenfrequencies, eigenmodes and modal damping factors (assuming modal masses of unity) have to be adjusted by correction values, depending on the applied devices. From a practical point of view the flat piezoceramic patch is partitioned in triangular subdomains. A new triangle electromechanical bending element, based on Kirchhoff's plate theory, is used to calculate the modal stiffness and mass matrices for the adjustment of the modal equations. In addition piezoelectric coupling terms are determined and plugged into the modal equations, which are needed to consider the electrical network shunts of the ceramics. The details of this approach are fully described in [2] and only an outline is presented here for brevity. Especially the triangle elements are discussed there in full detail, including listings and verification procedures.
Starting point is the system of dynamic equationŝ
Mü +Du +Ku =f , and Mq + Dq + Kq = f , u = Φq, with the diagonal matrices M = Φ TM Φ, K = Φ TK Φ, the generalized force vector f = Φ Tf and the generalized displacement vector q. Φ contains the selected and columnwise ordered eigenmodes of the modal analysis and the diagonal terms of K are the square values of the corresponding eigenfrequencies ω j = 2πf j , if the modal masses are normed to unity, e.g. if M = I holds. The additional assumption of modal damping provides the diagonality of D = Φ TD Φ, which is generally not strictly true.
When the mechanical system is extended by piezoelectric actuators and sensors, some correction matricesM p andK p have to be added to the mass matrixM and the stiffness matrixK. These changes imply corrections in the eigenmodes Φ and the eigenfrequencies. But under the assumption, that the new eigenmodes can be approximated by the old ones sufficiently well, another modal analysis can be avoided. Instead the old modal diagonal matrices M and K can be modified by the additive correction matrices M p = Φ TM p Φ and K p = Φ TK p Φ. These correction matrices can be computed very fast, because of the many zero entries in the matricesM p andK p . The precision of this approach can be controlled by the number of eigenmodes, which are used. Furthermore other displacement functions can be incorporated in Φ as well. Though non modal columns in Φ destroy the diagonality of M and K, the computational burden of diagonalizing M and K with modal techniques is quite low, because of the comparatively low order of M and K. This also holds for the corrected matrices M + M p and K + K p , which are non-diagonal in general too.
Suppose the modal matrices M , D and K are known together with the generalized modal force vector f . Let p i denote the nodes of a surface mesh of the structure, where piezoceramic patches can be placed. For all nodes p i , the displacement components
of each eigenmode are also assumed to be known. By suitable interpolation algorithms, the displacement components of arbitrary points on the meshed surface can be obtained. Therefore the three nodal displacement vectors of an arbitrarily placed triangular element can be determined. The non-zero components ofM p andK p are given by the two 15 × 15-element matrices of the triangle bending element, describing a part of the applied piezoceramic patch. By left and right multiplication of the corresponding displacement components u i and u j of the i-th and j-th eigenmode, the matrices M p and K p can bei calculated. The 15 × 1-piezoelectric coupling vector is obtained in a similar way.
An electro-active triangular bending element
The development of triangular finite bending elements is extensively investigated in the literature. A detailed discussion of the advantages and disadvantages of different concepts is given in [3] . Roughly speaking triangular bending elements can be problematic, but the simplicity of creating triangular meshes for placement strategies, in combination with the simple algorithms for partitioning polygonal areas into triangular subdomains outweights the disadvantages of these elements, which are mainly concerned in the correct determination of the material stresses. Indead these are not needed for vibration analysis in the topic of adaptive systems. Generally so-called compatible elements are less efficient than incompatible elements, but the former are always convergent [3] . For this reason, we coded two active bending elements (one compatible Clough-Tocher macro element [3] and one incompatible so-called Specht element [4] ) in the matrix language MATLAB. Both of them performed equally well in tests. Therefore only the latter faster element is used here. Note that compatibility implies monotone convergence, but requires C 1 -continuity for the bending displacement w in the Kirchhoff theory. Extending this theory by membrane displacements, the kinematic variability is given by
The displacements u(x, y), v(x, y) and w(x, y) are related to the middle surface z = 0, the x-and y-cross sections are rotated by Φ x (x, y) = w ,y (x, y) and Φ y (x, y) = −w ,x (x, y). The midth of the piezoceramic patch of thickness h has a distance of z m to the middle surface. This leads to the linearized strain terms
The plain stress assumption implies σ z = τ xz = τ yz = 0 and replaces the incompatible restrictions ε z = γ xz = γ yz = 0, which can formally be derived from (1) . The material law of the electro-mechanically coupled piezoceramic patch, reduced to the relevant stress and strain components, is given by
with the electric field having only one non-zero component E 3 in z-direction and assuming isotropic passive material properties. This can be transformed into
The star in e 31 = E 1−ν d 31 indicates, that this component is not directly related to the three dimensional tensor e ij , because the plane stress assumption has been used. Sometimes the partition
is advantageous. To model piezo patches with homogenized material coefficients, which have inherent anisotropies in the xyplane, as in the case of comb electrodes [5] for using the so-called d 33 -effect, the more general formulas
have to be used for C and E. The new dimension less parameters ν E , ν G and ν e are equal to one in the special case of passive isotropy. C and E from (4) are shown for a fibre angle of ϕ = 0, but they can easily be transformed to other fibre angles by using the tensor laws. Neglecting the rotational inertia terms, the mass matrix M p and the stiffness matrix K p , as well as the electro-mechanical coupling vector f p of the ceramic patch can be obtained from the variational formulation
Using the Gauß integral theorem, f p possesses the alternative
with the normalized outer normal vector n of the base area A of the piezoceramic patch. Using the anisotropic material law (4), the variational formulation is given by
Anisotropic material laws are not considered in the MATLABimplementation, because the classic d 31 -patches have been of main interest to our department so far [6] . The implementation can easily be extended to the anisotropic case though. Attention must be given to the correct treatment of the fibre angle in the mesh generation, but this is a problem of careful book keeping. In addition to the modified material stiffness C of (4), the representation of the coupling vectors f p has to be adapted as shown.
Low order modal electro-mechanical systems
To complete the discussion about the modal electromechanical system equations, the sensoric properties of the piezo devices have to be considered. In addition to the actuatoric equation (5) in variational form, the corresponding sensoric equations, in combination with the equations of the electric network are needed. This requires the full set of constitutive material properties, which extend (3) by
σ 33 denotes the dielectric constant of the piezoceramic material in z-direction, related to constant mechanical stress σ. Again the star in 33 reminds on the assumed plane stress distribution. The mechanical coupling term with the same piezoelectric material coefficient d 31 as in equation (2) results on energetic considerations, which are also responsible for the symmetry of the material stiffness matrix C. There are no dissipating terms in this physical model and the piezoceramic modul is an ideal energy transformer. The energy loss in practical applications leads to non-constant hysteretic material coefficients, which are not considered in the linear theory, upon which this derivation is based.
The generalized electro-mechanical coupling coefficient
If the electrical field E 3 as state variable is independent from the mechanical displacement field, the variation of the electrical quantities can be done independent from the mechanical variation. This implies
with the variation of the electric potential δϕ = −z δE 3 and the prescribed surface charge densityq. It should be mentioned, that here as well as in the material law used above the idealization E 1 = E 2 = 0 was made. The charge of the upper electrode of the patch is given byQ = Aq, the lower charge therefore by −Q. The constance of E 3 and δE 3 induces
with the capacity C p = 33 A/h of the completely clamped ceramic. The coupling coefficients d ij are based on a polarization in positive z-direction. But the polarization field is usually established by a positive electrical voltage at the upper electrode. This can be respected by changing the signs of the coupling coefficients d ij or e ij respectively. The same effect can be achieved by changing the sign of the electric voltage U and the electric charge Q in the equations. This implies U = h E 3 , Q = −Q and
In comparison with equation (6) it follows, that the integral can also be written as q T f p , which also holds in case of an anisotropic material law. With (5) a compact form of the pure actuator and sensor equations is given by
with the mechanical state variables q m = q. Equation (5) has been extended by the viscuous damping term D pqm and the force vector f m of an outer patch excitation. In the case of several ceramic modules, whose electrodes are not connected galvanically, the actuator equation has to be modified by coupling terms of the form −f p k U k for the k-th patch, and for each patch a corresponding sensor equation can be buildt. The complete system needs additional differential equations, involving the electric currentsQ k and voltages U k to describe the electrical network. Two special cases are given by galvanically shunted ceramics (U ≡ 0) and on the other hand by ceramic patches with open electrodes (Q ≡ 0):
Open ceramics therefore have a higher effective mechanical stiffness and higher eigenfrequencies than shunted ceramics. One measure of the authority, a piezo patch possesses on the j-th eigenmode, is given by the dimensionless so-called generalized electro-mechanical coupling coefficient (first mentioned in [7] and later used by several authors, e.g. [8, 9, 10] ) 
The second approximation assumes a neglegible modal stiffness of the piezo patch with respect to the modal stiffness of the passive system. In this case and for constant patch area (and therefore constant capacity C p ), κ j is proportional to the modal coupling |ψ j T f p |. If K and M or K + K p and M + M p are diagonal matrices of the modal masses of unity and of the squares ω 2 j , the last approximation together with e j = ψ j gives the simple relation
For isolated eigenfrequencies, the other eigenmodes can be neglected in the frequency neighborhood of ω j and introducing the scalar quantities
the electro-mechanical system approximatively is described by
With k = ω 2 m, d = 2ξω m andQ = I, the eigenfrequency ω, the Lehr damping measure ξ and the electric current are substituted into the equations. An application of the Laplace transformation with the frequency variable s leads to
Let Z denote the impedance of an electric network, connected to the electrodes of the piezo patch under consideration. This implies U = −ZI, because I is the current, flowing into the piezo capacitor. The impedance of the capacity of the piezo patch is given by Z D = 1/s C p . Denoting the impedance of a parallel circuit by
gives for the frequency function from the displacement q to the electrical voltage U the relation
holds, introducing the normalized Laplace variable s with respect to the frequency ω. This expression underlines the significance of the generalized coupling coefficient κ for the integration of electrical networks via their impedance into modal system descriptions. Following the abbreviations from [7] by introducing the electrical damping rate r = ωC p R, the electrical resonance frequency ω e = 1/ L C p and the dimensionless tuning fraction δ = ω e /ω, the dimensionless impedances of a single resistor R or a seriell RL-circuit are obtained by
Galvanically shunted ceramics have the impedance Z = Z E = 0
and ceramics with open electrodes the impedance Z = Z D = 1, which together with (13) again implies the defining equation (9) for κ. Hagood and Flotow suggest in [7] in case of low structural damping ξ for the serial RL-network the values
to obtain approximately optimal damping for Φ(s) in the neighborhood of the eigenfrequency ω. With (14) and the definition of the dimensionless coefficients, the electrical quantities R and L can directly be calculated. Furthermore the approximative maximum of |Φ opt TF (i ω)| can be used as objective function in optimal placement algorithms. Equation (14) reveals a direct correspondance of the effective damping of a serial RL-circuit to the generalized piezoelectric coupling coefficient κ.
The optimal reduction in decibel of the maximum amplitude of Φ(s) for serial RL-circuits is displayed in figure 1 
By empirical combination of this border cases, it has been verified numerically, that the rule of thumb supplies an acceptable approximation of the curves from figure 1 in decibel. The equations (7, 8) can be considered for several columns of Ψ simultaneously, if the modal masses are equal to unity. By introducing the matrix quantities
the equations of a multifrequent electro-mechanical model
can be derived similar to equations (11, 12) . Again several patches can be incorporated by summation of the coupling forces −a k U k in the actuator matrix equation and using multiple sensor equations for the quantities q, U k and Q k . ∆ is a diagonal matrix, containing the eigenfrequencies of the system for short circuited ceramic electrodes and the diagonal matrix Ξ contains the corresponding Lehr damping ratios. As mentioned before, the assumption has been made, that the transformed damping matrix Ψ T D + D p Ψ is close enough to a diagonal matrix. Transforming this equations in the Laplace domain and substituting the normalized impedance Z from equation (13) of shunted electrical networks, the system of equations
, which is quite similar to the scalar case. The transfer function from f (s) to q(s) can be determined and optimizations are possible by using appropriate norms. The special case of multiple eigenfrequencies, which can be used as approximation for a cluster of closely related eigenfrequencies, occurs, if certain symmetries exist, e.g. the rotational symmetry of a circular plate. If the electro-mechanical system is reduced to the frequency range close to the multiple eigenfrequency ω, neglecting other eigenmodes from distinct eigenfrequencies, with ∆ = ωI (and with Ξ = ξI for simplicity reasons) the frequency equations can be simplified to
where the normalized frequency variable s = ωs was used again. The structure of this equation doesn't change, if orthogonal transformationsq = Q q,f = Q f undâ = Q a with an arbitrary orthogonal matrix Q are applied. Without loss of generality, the equation can be considered with the special coupling a = a e 1 , which implies A κ = κ 2 e 1 e 1 T . a corresponds to ||a|| of the untransformed system of equations. Z influences the generalized displacement q 1 as in the scalar case through the generalized electro-mechanical coupling coefficient κ. But the components q j with j ≥ 2 are not influenced at all. This indicates, that multiple eigenfrequencies of order m can only be controlled by m galvanically separated electrical networks and a corresponding amount of piezo patches. Roughly speaking, due to the m-dimensionality of the envolved eigenspace, vibrations can always rotate to an orientation orthogonal to the coupling vectors, if there are less than m electrical networks for the vibration reduction of the eigenmode under consideration.
A centrical clamped circular plate as example
To demonstrate the modal correction method, a circular plate of thickness h = 3 mm and outer radius r 1 = 15 cm, which was clamped at the inner radius r 0 = 1 cm is discussed now as demonstration example. Though the new triangular bending elements, which are coded in the MATLAB scripting language, are mainly developed to realize the modal correction of passive structures with respect to active patch devices, and the passive structural model will normally be supplied by Finite Element software packages like ANSYS, this demonstration example was completely modeled within MATLAB, using the stiffness and mass matrices from the new Specht element. Figure 2 shows the triangular mesh of 1860 nodes and 3600 elements, which was used for the discretization. It turns out, that the triangular elements assembled the corresponding matrices quite efficiently and the eigenfrequencies from a subsequent modal analysis are close to their counterparts, obtained by a comparative Finite Element calculation, which was done completely in ANSYS. lists the material data, which was used for the plate (index s) and for the piezo patches (index p). The modal analysis in MATLAB has been done with a self-written function, based on subspace iteration, because for some strange reason, the buildt in MATLAB-function eigs had convergence problems. The first eigenmodes are displayed in figure 3 . The rotational symmetric flat membrane mode 8 and the bending modes 9 and 10 are omitted to save space. Each eigenmode, which is not rotational symmetric, possesses the multiplicity two and can occur arbitrarily rotated around the z-axis, because of the rotational plate symmetry. Mode 3 und mode 11 in contrast are rotational symmetric simple eigenmodes. If piezo patches are placed in equal pairs above and below the plate, membrane and bending eigenmodes can be targeted separately by equal and opposite poling of their electrodes respectively. As already discussed, there are at least two separated patches neccessary to control the eigenmodes with multiplicity two. Consider now two orthogonal eigenmodes with the same eigenfrequency ω j . They have the same shape, the same maximum amplitude due to the fact that the modal masses are equal to unity and are rotated by some angle β j . The optimal shape for the second patch can therefore be obtained from the optimal first patch by rotation with β j . This implies, that for each eigenfrequency only one optimal piezo patch has to be detemined, wich is used twice and rotated by β j in case of eigenfrequencies of multiplicity two. Of course overlapping piezo patches need additional heuristic considerations, if multiple layers are not feasible.
Each pair of piezo patches is defined by a triangle mesh, whose nodes are controlled by the underlying optimization procedure. The modal parameters (stiffness, mass, coupling vector and capacity) are calculated elementwise by the developed triangle bending element and the modal displacements at the nodes are interpolated from the known eigenmode displacements of the circular plate mesh using the MATLAB-function griddata or similar functions. The generalized piezoelectric coupling coefficient is calculated by equation (10) with or without negotiation of the changes due to the piezo mass and stiffness.
Simple patch geometries can be controlled by special parameters. If the shape of the patches is restricted to be a circular section, the four parameters ϕ p0 , ϕ p1 , r p0 and r p1 can be used to buildt the needed triangular mesh for the patch. Figure 4 shows the distribution of κ 1 2 + κ 2 2 for the first pair of eigenmodes 1 and 2. Due to the fact, that the combined value κ 1 2 + κ 2 2 is not changed by patch rotation around the z-axis, the start angle φ p0 = 0 was fixed. To visualize the result, the inner radius r p0 = 0.15m was fixed too. Therefore the only free parameters in this parameter study are the outer radius r p1 and the sector angle ϕ p1 .
In the case of r 1 = 0.15m and φ 1 = 180
• , the combined coupling coefficient κ 1 2 + κ 2 2 = 0.77% is far away from its optimum value 1.93%, though the strain sum ε x + ε y of the first two eigenmodes, which is directly related to f p , is positive in one half of the circular plate and negative in the other half. A close look to the formula for κ 2 reveals, that a higher patch area implies a higher patch capacity, which reduces the effect, a passive electrical network can have to the mechanical structure. For active systems [11, 12, 13, 14] with unlimited energy reserves, the electric potential in the ceramic can be provided independently from its capacity. In this case the coupling term a should be maximized. But if energy is also of concern, or passive networks are used, κ is the better choice for the objective function of an optimization procedure. With
the optimal placement with respect to the j-th eigenmode can be done as follows. For passive electrical networks or limited energy ressources, maximize
For active control with sufficiently high power capabilities (the higher the frequency, the more severe is this restriction), maxi- Outer radius of sector segment [m] Sector angle in degrees k 3 2 in percent, respecting patch stiffness and mass: Figure 5 . EFFECTIVITY OF PATCH SECTORS FOR j = 3.
u j , v j und w j denote in this context the displacement components of the j-th eigenmode. Figure 5 shows the distribution of the coupling coefficient for the third eigenmode. In case of the third mode, the optimum patch area for passive electrical networks covers only the inner plate with outer patch radius 0.08m, in contrast to the optimal area for active control, which covers the complete circular plate. The fourth and fifth eigenmode reveals several local maxima and the global optimum of κ 4 2 + κ 5 2 = 0, 23% is given by r p0 = 0.088 m, r p1 = 0, 15 m, φ p1 = 65
• . This result cannot be achieved by the previous parameter study, because of the artificial restriction r p0 = 0, 01m, leading to the suboptimal value κ 4 2 + κ 5 2 = 0, 065%. These eigenmodes are better controlled by patches at the outer border of the plate. For even higher eigenmodes, there exist optimal shapes, lying completely in the circular plate. Figure 6 displays the strain distribution ε x + ε y and the optimal patch sector, obtained by gradient based optimization procedures for the first eigenmodes. Table 2 summarizes the calculated parameters numerically. The influence of the patch stiffness and mass to the distribution of κ can clearly be observed in figure 4 , but the qualitative information is not changed significantly. Therefore a two step approach in the optimization of the patches seems to be promising. The comparatively costly calculation of the patch masses and stiffnesses is not done in the actual optimization of the patch shape. After convergence to the optimal shape, the mass and stiffness of the mechanical structure is updated with respect to the optimized patch configuration. These two steps are repeated until global convergence is achieved. There are some drawbacks in applying this procedure to multiple eigenfrequencies, but current research in done on that topic. Optimization of the full patch shape without considering its stiffness and mass is more simple and can be done with fast algorithms, which are currently under development. Figure 7 shows some results from these algorithms for the investigated circular plate. The displayed coupling coefficients are not directly comparable with the ones from figure 6. They are higher due to the ignored patch stiffness and mass. It is very difficult to find efficient optimization techniques, which avoid the overlapping of piezo patches for distinct eigenmodes. Therefore some heuristic compromises have to be made after optimzing the patch shapes Figure 8 indicates a possible compromise for the first five eigenmodes of the circular plate example. 
SUMMARY
The modal correction method was discussed and especially adapted to the case of applying flat piezoelectric devices to the surface of a mechanical structure. Two active triangular bending elements were used to calculate the modal correction parame- ters for piezo patch actuators and sensors. The implementation in MATLAB can be found in [2] . Some objective functions have been discussed to optimize the shape of applied patches and the generalized piezoelectric coupling coefficient κ has been proved to be a very good choice. After presenting the complete modal equations with embedded shunt impedances, the example of the circular plate has been discussed to demonstrate the whole procedure.
